Algebraic surfaces with extreme Chern numbers (report on the thesis of Th. Hdfer, Bonn 1984)
F. Hirzebruch
For a smooth algebraic surface X the Chern numbers c\(X) and c 2 (X) are defined. Here c 2 (X) is equal to the Euler-Poincare characteristic of X and c\{X) is the self-intersection number of a canonical divisor of X. For a surface of general type they satisfy the Miyaoka-Yau inequality c\ < 3f 2 (see [8] and [11] ). where the equality sign holds if and only if the universal cover of the surface is the unit ball Iz,l 2 + \z 2 \ 2 < 1 (see [11] and [9] §2 for the difficult, and [2] for the easy direction of this equivalence). If c] = 3c 2 , then automatically c 2 > 0. in fact, c 2 is the volume of the surface (normalized by the Gauss-Bonnet form) with respect to the complexhyperbolic metric induced from the ball.
We wish to construct surfaces of general type with extreme Chern numbers (c\ = 3c 2 ) that are ramified covers of the complex projective plane branched along lines. Thus, we continue the investigation of the paper [3] . However, the much better developed theory and the new examples are due to Th. Hofer [4|. This note is a report on his work.
We have to omit many things. For example, we only consider the case when the surface is the quotient of the ball by a discrete group Γ of automorphisms. Γ operating freely with compact quotient. Hofer includes the case when Γ may have torsion and cusps (at infinity) and constructs many such ball quotients as ramified covers of the plane. His formulae (with suitable modifications) hold for this more general case.
1. Let S be an algebraic surface and C, (i = 1 t) finitely many distinct smooth irreducible curves on S such that the curve C = V. C t has onlyordinary double points. Let Υ be a smooth algebraic surface, which is a Galois cover over S with covering map π: 7 -S that ramifies only over C. Then for every point ρ €Ξ }' there exist local coordinates (it. v) on Υ with centre at ρ and local coordinates (z, \v) on S with centre at./'( p) such that π is given by functions
where a and b are positive integers. If a or & is at least 2, then ρ Ε π We can associate with each C, a positive integer a,· such that for a smooth point q of C lying on C t the map π is given locally (for ρ Ε π" 1^) ) by (1) with a -a f and b = 1. If ^ € Q η C ; (/ =£/), then for ρ € ττ'Η?) the map π is given locally by (1) with a = a,-, ft -α ; ·, and if <i is the mapping degree of π, the number of inverse image points of q is d/(e,-e ; ·)· A covering Υ of S with the properties explained in this section is called good with respect to the curves C,· and the branching numbers a,·.
2. As in [3] , we consider the complex projective plane P 2 {C) with homogeneous coordinates z 0 : z x : z 2 and an arrangement of k distinct lines Li, ..., L k given by /,· = 0 (/ = 1, ..., k), where /,· is a linear form in z 0 , z x , z 2 . For a point ρ in the plane let r p be the number of lines in the arrangement that pass through ρ and t r (for r > 2) the number of points ρ with /" p = r. Then
Given an arrangement, we blow up the points pj in the plane with r p . ^ 3 to get an algebraic surface S in which there is a configuration of curves C,· as in 1, namely, the strict transforms of the lines of the arrangement (which we also call L x , ..., L k as smooth irreducible curves on S) and the curves [6] . For the very special case n t = m, = n, see [3] .) It is possible (and in principle not difficult) to calculate the Chern numbers of Υ in a similar and rather elementary way, as it was done in [3] in a special case. However, the formulae for arbitrary weights are not easy to handle. Hofer found several nice formulae to express (3c 2 The sum of the entries in each line of the matrix A is equal to 3τ,--{k+ 3), where r, is the number of points ρ on L t with r p > 2. This follows from the equation Σ (r,-l) = fc-l.
The formula (4) implies the following result: // 3T,-= k + 3 /ο/· α// /znes arcc? //a// weights n t are equal (n t = η for
where x l -\ and y.--1 .
3. I know only the following arrangements with 3τ,· = k+ 3 for all lines I,· of the arrangement. We exclude the triangle k -3, t 2 -3. They all are related to unitary reflection groups acting on C 3 (see [3] ).
a) The complete quadrilateral ( Fig. 1 ) Fig. 1 A--6, < 2 = 3, f 3 = 4, t T = 0 otherwise.
b) The arrangements A%\m), m > 3.
(for m = 3, t 2 = 0, i 3 = 12).
In homogeneous coordinates the 3m lines can be given by the equation
k -3m 4-3, i 2 = 3m, i 3 = m 2 , i m+2 = 3, i r = 0 otherwise.
In homogeneous coordinates the 3m+3 lines can be given by the equation
The Hesse arrangement k = 12, f 2 = 12, t = 9, i r =-= 0 otherwise.
The Hense pencil of all cubics passing through the 9 inflection points of a smooth cubic has 4 singular cubics (triangles), which make up the 12 lines. These 12 lines are dual to the 12 triple points of A% (3) .
e) The extended Hesse arrangement (see [3] )
The extended Hesse arrangement contains the 12 lines of the Hesse arrangement and nine additional lines, which make an arrangement A°3{3) such that the 12 triple points of /1°(3) coincide with the 12 double points of the Hesse arrangement.
f) The icosahedral arrangement ( Now we can list good coverings Υ for weighted arrangements with constant weight η for all lines L t that satisfy 3c ^Y) = c\{Y). We list all such cases for the arrangements given in 3, where (5) gives the value 0. In all these cases Hofer shows that such good coverings Υ of S exist (for some degree d) and that these surfaces Υ are of general type, therefore, have the ball as universal covering.
For the complete quadrilateral we can take n t = η = 4, 5, 6, 9, the weight in each of the 4 triple points being 8, 5, 4, 3, respectively.
For the remaining arrangements we indicate only the constant weight η for the lines L t , because the weight m, in a multiple point p ; with r p . = r > 3 is determined by (6) and listed in (7) .
For the arrangement ^4°(3) we can take η = 4, 5, 6, 9, for ^3(4) we can take η = 4, for A%5) the constant weight η = 5 is possible. These are all cases among the A%(m).
For A%{2) we can take η = 4, for /13(3) we can take η = 5. These are all cases among the A%m).
For the Hesse arrangement η = 3 and η -4 is possible. For the icosahedral arrangement η = 5 gives a solution, and for the G 1SH -arrangement η = 4. There is no solution for the extended Hesse arrangement, nor for the v4 6 -arrangement. (4)), which he denotes by Prop(x, y), because it gives the deviation from the "proportionality" 3c 2 = c\. We have, by definition, (8) Prop (*, y) = -J-(**Αχ + 2 Λ (*.
Hofer's formula (4) and the Miyaoka-Yau inequality could lead to the guess that this form is semidefinite. However, this is wrong, in general, (see [3] ). But in some cases positive semidefiniteness can be established. The matrix A can be written in the form
where U is the matrix with all entries equal to 1 and Β has B it = σ, -1 and For the complete quadrilateral the corank of A is 4, there are finitely many solutions of (10), (11) . This corresponds to the theory of the hypergeometric differential equation [1 ] . We come back to this later.
For the extended Hesse arrangement (see 3.e)) the corank of A is 2. The x, have to be constant for the lines of the Hesse arrangement and also constant for the additional 9 lines. Hofer shows that there are exactly 3 solutions of (10), (11) . The weights n t are: The weights rrij are determined by Pj(x, y) = 0. Hofer shows that such coverings exist.
The ball IzJ
2 -!-\z 2 \ 2 is embedded in P 2 (C). The automorphisms of the ball are exactly the projective isomorphisms of P 2 (C) that map the ball into itself. The ball carries the invariant complex hyperbolic metric. The totally geodesic smooth curves (totally geodesic as 2-dimensional surfaces in a 4-dimensional Riemannian manifold) are the intersections of lines of P 2 {C) with the ball.
Let Υ be an algebraic surface whose universal cover is the ball. Then Υ inherits the complex hyperbolic metric from the ball. Up to a constant factor, this the unique Einstein-Kahler metric of Y. Every automorphism of Υ is an isometry. The totally geodesic curves of Υ are those curves that when lifted to the ball become lines. If a curve is pointwise fixed under an automorphism of Υ (other than the identity), then this curve is totally geodesic. Therefore, if Υ is, in addition, a good covering of S as in 1, then all curves ^""'(C,·) (they are smooth, but not necessarily connected) are totally-geodesic if the branching number a t is greater than 1.
If a smooth curve C on Υ is totally geodesic, then
where e{C) is the Euler-Poincare characteristic of C and C-C the selfintersection number. This follows from a relative version of the "proportionality principle" [2] , because it is true in P 2 (C), where the totally geodesic curves are the lines (e(I) = 2, LL = 1). Enoki has proved* 1 > that for every smooth curve on Υ {the universal cover of Υ is still supposed to be the ball) (12) e(C) < 2C-C and that C is totally geodesic if and only if the equality sign holds in (12) .
As deviation from proportionality we define
for a smooth curve C on an algebraic surface Y. If the universal cover of Υ is the ball, then prop(C) > 0 in accordance with Enoki's observation. According to (9) Included are the 11 cases with constant «,-(see (7)). and all permutations of (17). We must have n tJ ^ 2. Up to a permutation there are 7 solutions, the 4 solutions mentioned in 4 and 3 others. The table in [1] has 27 cases, due to the fact that ramified covers Υ of the plane are admitted, which are related to ball quotients for groups Γ that do not operate freely or are not cocompact and have cusps. Hofer's theory includes these cases for the complete quadrilateral and for all other arrangements. Refinements of Yau's theorem due to Miyaoka [ 10] and R. Kobayashi [7] are needed. If in the case of the complete quadrilateral 4 __ = 1_μ._μ, and 2 μ« = 2, 11 i=0 then (17) and all permutations hold. This is the notation of [1 ] . The affine space ^ μ,· = 2 corresponds to our 4-dimensional null space of the quadratic form Prop(x, y).
11. The ramified covers of the plane with respect to the complete quadrilateral correspond to the theory of the hypergeometric differential equation dating back to Picard (see [ 1 ] ). The question arises whether such differential equations whose monodromy gives our coverings exist also for other arrangements. This difficult question has been successfully treated by Masaaki Yoshida in two papers ( [12] , [13] ). The work of Holzapfel on Picard modular surfaces (see, for example, [5] and the references given there) has many connections with this paper.
